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Homework

Exercise H27 (Profinite Groups) (12 points)
Let G be a topological group.

(a) Show that the following assertions are equivalent:
(i) The underlying topological space of G is profinite.

(ii) G is a limit of a diagram of finite discrete topological groups.

(b) Show that if one of the assertions above holds, we have

G = lim
H

G/H,

where the limit ranges over all normal open subgroups of G.

Exercise H28 (Galois group of finite fields) (3+3+3+3 points)
Let k be a finite field of characteristic p > 0 such that k has q elements. We fix an algebraic closure k of k and set
G := Gal(k/k). Let σ ∈ G denote the element which is given by x 7→ xq.

(a) Show that G ∼= Ẑ := limn∈NZ/nZ.

(b) Show that G is topologically generated by σ, i.e. the subgroup of G generated by σ is dense in G.

Let H be an arbitrary topological group. A (topological) H-module is an abelian group M (considered as a topologi-
cal group via the discrete topology) endowed with a continuous left action of H (i.e. the left action H × M → M is
continuous).

(c) Show that a topological G-module is the same as an abelian group M together with an automorphism α: M → M
which satisfies the following property: For all m ∈ M there is an Nm ∈ N such that (Nm is the smallest natural
number with) αNm(m) = m.

(d) We consider the G-module k
×

(where ϕ ∈ G acts on m ∈ k
×

by x 7→ ϕ(x)). Show that in view of (c) this G-module
corresponds to the pair (k

×
,σ) and that we cannot find C ∈ N such that Nm ≤ C for all m ∈ k

×
.

Exercise H29 (Čech-cohomology and group cohomology) (3+2+3+4 points)
The goal of this exercise is to apply the comparison isomorphism of Čech-cohomology and sheaf-cohomology (Corollary
4.23) to the the results of Exercise H22 to find an explicit formula to calculate group cohomology.
In this exercise, we use the same notations as in Exercise H13 and Exercise H22. Let G be a group, A be a G-module and
hA = HomG(−, A) be the associated sheaf of abelian groups on the site (G-sets). We consider the covering U = (G → e)
of e in the site (G-sets).

(a) Show that
Č

q
(U , hA) = HomG(Gq+1, A) = {ϕ : Gq+1 → A | ϕ(hg0, ..., hgq) = hϕ(g0, ..., gq) for all h, g0, ..., gq ∈ G} =: Cq(G, A)

and dq−1 : Cq−1(G, A)→ Cq(G, A) is given by

(ϕ : Gq → A) 7→ (dq−1(ϕ): Gq+1→ A, (g0, ..., gq) 7→
q
∑

i=0

(−1)iϕ(g0, ..., ĝi , ..., gq))

for all q ≥ 0.
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(b) We define C q(G, A) to be the abelian group of all maps (of sets) Gq → A. Show that for all q ≥ 0 we have
isomorphisms of abelian groups Cq(G, A)→C q(G, A) sending (ϕ : Gq+1→ A) ∈ Cq(G, A) to

ψ: Gq → A,

(g1, ..., gq) 7→ ϕ(1, g1, g1 · g2, ..., g1 · · · gq).

(c) We define morphisms of abelian groups ∂ q−1 : C q−1(G, A)→C q(G, A) sending (ϕ : Gq−1→ A) to

∂ q−1(ϕ): Gq → A,

(g1, ..., gq) 7→ g1ϕ(g2, ..., gq) +
q−1
∑

i=1

(−1)iϕ(g1, ..., gi−1, gi · gi+1, gi+2..., gq) + (−1)qϕ(g1, ..., gq−1).

Show that

Cq(G, A) dq
//

∼=
��

Cq+1(G, A)

∼=
��

C q(G, A)
∂ q
// C q+1(G, A)

commutes for all q ≥ 0 and that the isomorphisms induce isomorphims of the cohomology groups of the complexes

C•(G, A) = (0→ C0(G, A)
d0

−→ C1(G, A)
d1

−→ ...) and C •(G, A) = (0→C 0(G, A)
∂ 0

−→C 1(G, A)
∂ 1

−→ ...)

(d) Show that Ȟq(U , hA)∼= Hq(e, hA) for all q ≥ 0 and conclude that Hq(G, A)∼= Hq(C •(G, A)) for all q ≥ 0.

Remark: If one does not want to work with derived functors, Hq(G, A) := Hq(C •(G, A)) gives an ad hoc definition of
group cohomology. This can often be found in the literature.
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